We theoretically study magnon-phonon hybrid excitations in a square lattice ferromagnet subjected to a magnetic field by varying the field direction. The bulk bands of hybrid excitations, which are referred to as magnon-polarons, are investigated by considering all three phonon modes: vertical phonon, transverse phonon, and longitudinal phonon. We show that the topological proprieties of three hybridizations are different in terms of the Berry curvature and the Chern numbers. We also find that the topological properties of the bands can be controlled by changing the direction of the magnetic field, exhibiting one or more topological phase transitions. The dependence of thermal Hall conductivity as a function of magnetic field direction is proposed as an experiment probe of our theoretical results.
I. INTRODUCTION
Since the discovery of the quantum Hall effects [1] [2] [3] , intrinsic topological properties of electronic bands have been a subject of long standing interest. The Berry phase and Berry curvature [4] of electron bands, which characterize their topological properties, are responsible for various electron transport phenomena such as the anomalous Hall effect [5, 6] and the spin Hall effect [7] [8] [9] . The study of the Berry curvature has been extended to collective bosonic excitations such as magnons [10] [11] [12] [13] [14] and phonons [15] [16] [17] . The finite Berry curvature of the bosonic bands can also give rise to various Hall effects such as the thermal Hall effect [10] [11] [12] [13] [14] 17] . Besides these, the hybridized excitation of magnons and phonons, which is called magnetoelastic wave [18] or magnon-polaron [19] , has also been predicted to exhibit a finite Berry curvature and possess the associated nontrivial topology, e.g., in ferromagnets with long-range dipolar interaction [20] or Dzyaloshinskii-Moriya (DM) interaction [21] , in noncollinear antiferromagnets with exchange magnetorestriction [22] , and in collinear ferrimagnets with DM-induced magnon-phonon coupling [23] .
Even without such long-range dipolar interaction, DM interaction, or special lattice symmetry, recent works [24, 25] have shown that the nontrivial topology of magnonpolaron can emerge in a two-dimensional (2D) magnet by taking account of the well-known magnetoelastic interaction driven by Kittel [26] . In particular, it has been shown that the topological structure can be controlled by the magnetic field via the change of the number of bandcrossing lines. However, the previous investigations have been restricted to the cases where the magnetic field and the ground-state spin direction are perpendicular to the plane, and, in that case, magnons only couple with outof-plane (ZA) phonons, not affecting the other in-plane phonon modes.
In this paper, we study a more general problem: topological properties of magnon-phonon modes in a square lattice ferromagnet subjected to a magnetic field in an arbitrary direction. See Fig. 1 for the schematic illus-
The schematic illustration of the model system, where spins denoted by arrows are arranged in a square lattice. The external magnetic field B is in x-z plane with tilt angle θ from the z axis. The ground state is given by the uniform spin state along the magnetic field B. x -y-z is the rotated coordinate frame, where z is the spin direction in the ground state. The displacement vector of ions is denoted by the threedimensional vector u = (u x , u y , u z ). (b) The schematic illustration of the thermal Hall effect, which refers to the generation of the transverse heat flux j Q by a temperature gradient ∇T in the longitudinal direction. In our work, the thermal Hall effect is induced by the finite Berry curvature of magnon-polarons. tration of the system. When the magnetic field is away from z direction, the magnons couples not only with ZA phonons, but also with in-plane phonons. Since there are two types of in-plane phonons, longitudinal (LA) phonon and transverse (TA) phonon [27] [28] [29] [30] in 2D thin film, the dependence of the topological property as well as the thermal Hall conductivity on the field direction are investigated by considering all three phonon modes: vertical, transverse, and longitudinal phonons. Specifically, we investigate the topological structures of the magnonpolaron bands by mapping our model to the well-known two-band model of topological insulator [9] by focusing on each band crossing lines. As an experimental probe, we propose the dependence of thermal Hall conductivity on the magnetic field direction. Our paper is organized as follows. In Sec. II, we de-arXiv:1910.08603v1 [cond-mat.str-el] 18 Oct 2019 scribe our model including magnetic interaction, elastic interaction and magnetoelastic coupling. In Sec. III, we study the effect of magnon-phonon coupling on the collective excitations and their topological structures. In Sec IV, we present our results on experimental prediction of the thermal Hall conductivity as a function of magnetic field direction. We conclude the paper in Sec. V by providing summary and outlook.
II. MODEL
Our model system is a 2D ferromagnet on a square lattice described by the Hamiltonian
where H mag and H ph are the magnetic and elastic subsystem, respectively, and H mp is the magnetoelastic term between them. We will describe each term in detail below.
A. Magnetic Subsystem
The magnetic term is given by
where J > 0 is the ferromagnetic Heisenberg exchange interaction and B = B(sin θ, 0, cos θ) is the external magnetic field with a tilt angle θ from z axis rotated about y axis. The ground state of spin direction is along B, n 0 = (sin θ, 0, cos θ).
To obtain the magnon band, we will work in a rotated spin frame, where z is in the direction of B, y is the same as y and x is chosen according to right-handed coordinate system. We perform Holstein-Primakoff transformation,
where a i and a † i are, respectively, the annihilation and the creation operators of a magnon at site i. By taking the Fourier transformation, a i = k e ik·Ri a k /N , where N is the number of sites in the system, we diagonalize the magnetic Hamiltonian in the momentum space:
where the magnon dispersion is given by ω m (k) = [2JS(2 − cos k x − cos k y ) + B]/ . Here and thereafter, we set lattice constant a = 1. In long wavelength limit, we obtain the dispersion
The magnon dispersion is quadratic at small wavevector with a gap ∝ B.
B. Elastic Subsystem
The phonon system accounting for the elastic degree of freedom of the lattice is described by the following Hamiltonian:
where u i is the displacement vector of the ith ion from its equilibrium position, p i is the conjugate momentum vector, M is the ion mass, and Φ α,β i,j is a force constant matrix between site i and site j (α, β = x, y, z). We consider a lattice model with in-plane force constant between nearest and second nearest neighbor to be a 1 and a 2 , and out-of-plane force constant between nearest neighbor to be a 3 . It is convenient to describe in the momentum space,
where
. Note that in-plane and out-of-plane mode do not couple [28] [29] [30] , as u x u z and u y u z terms must vanish under the mirror symmetry for 2D system. We can obtain diagonalized phonon Hamiltonian in quantized phonon operators, b k,i and b † k,i , for longitudinal acoustic(LA) mode, in-plane transverse acoustic(TA) mode from first equation, for out-of-plane transverse acoustic(ZA) mode from second equation.
where ω L p (k), ω T p (k), ω Z p (k) are phonon dispersions for LA, TA and ZA phonon mode, respectively.
In the long wavelength limit,
where phonon velocities are v Z p = a 3 /M and v
= [(a 1 + 2a 2 ± cos 2 2φ k a 2 1 + 4 sin 2 2φ k a 2 2 )/2M ] 1/2 , where +/− are chosen for LA/TA respectively. It can be easily found from above equation that phonon velocity of LA phonon is larger than TA phonon. We will consider thin film, where less strain is in out-of plane direction than in-plane direction, and therefore we will [28] [29] [30] . The phonon operators are introduced in such a way that
and for in plane vibration,
whereê L/T (k) are the normalized two-dimensional eigenvectors of Φ αβ (k), representing the x, y components of the mode. These vectors are given byê 
are along the high symmetry directions, e.g., (1, 0), (1, 1), (0, 1). One special case is that a 1 = 2a 2 , when ω L/T p (k) are isotropic and LA and TA phonons are pure longitudinal and transverse in any direction in long wavelength limit. We show the magnon and three phonon dispersions in Fig. 2 . Without magnon-phonon coupling, the gappd magnon band crosses with each of the gapless phonon band at a ring of momentum satisfies ω m (k) = ω i p (k). We do not include the second possible band crossing at larger momentum [24] as they are of much higher energy, and therefore less significant for transport at sufficiently low temperature.
C. Magnetoelastic Coupling
The magnetoelastic coupling is generally modeled by the following energy density [26] , which takes into account of the interaction between the magnetization and lattice deformation due to strain.
where e mn = ∂u m /∂n + ∂u n /∂m. We can use the three-dimensional rotation matrix R that transforms the z axis to the equilibrium spin direction n 0 : n 0 = Rn 0 , with n 0 =ẑ and n 0 = (sin θ, 0, cos θ) Using the rotational transformation, 
In terms of the magnon and phonon operator introduced earlier in Eq. (3) and Eq. (7), the magnetoelastic coupling term can be recast into particlenumber-conserving terms, a † b, ab † , and particle-numbernonconserving terms, a † b † , ab. We follow Ref. [24] by neglecting the particle-number-non-conserving terms because the effect of those on band structure is of quadratic order in the magnetoelastic coupling and thus is much smaller than the effect of the particle-number-conserving terms.
The particle-number-conserving Hamiltonian is then given by
with where
In the case of a 1 = 2a 2 when LA phonon is pure longitudinal and TA phonon is pure transverse,
The band structure of magnon-phonon hybrid system is obtained by diagonalizing Eq. (15) . Without magnonphonon coupling, magnon band crosses with ZA, LA, TA phonon band and the excitations are not hybridized. With the presence of magnon-phonon couplings, bands open up the gaps at the bands crossing rings and form hybridized excitations, namely magnon-polarons, which induces the nontrivial topological properties of the bands, characterized by the Berry curvature. See Fig. 2(d) for the hybridized bands plot.
III. TOPOLOGICAL PROPERTIES
The rigorous calculation of band structure and Chern number can be done with SU(4) formalism [31] . For weak coupling [25] , the Berry curvature concentrates in the vicinity of the avoided crossing ring, while the three rings of momentum satisfying ω m (k) = ω i p (k) are relatively separated from each other. We can use the familiar twoband theory of topological insulator [9, 32] to understand the band topology by focusing on each pair of magnon and phonon bands.
We can write the Bloch Hamiltonian, Eq. (15) in the following form near each band crossing:
where V k is a perturbation term that does not participate in opening the gap between the two bands (ε m , ε i p ), and H i 2×2 (k) can be written into the form of with σ = (σ x , σ y , σ z ) are Pauli matrices and d i (k) for each band crossing are
In terms of the normalized vectord = d/|d|, the Berry curvature is written explicitly as
where + and − are for upper and lower bands, respectively. The corresponding expression for Chern number is given by [32] [33] [34] 
which is the skyrmion number of thed vector [32] , counting how many timesd wraps the unit sphere in the Brillouin zone. We note that the magnon and LA phonon coupling aways vanishes in k y direction. This can be understood from Eq. (13). As we set the magnetic field in x-z plane, there is no term with e yy = ∂u y /dy. This means LA phonons at k y direction does not couple to magnons and the two hybridized bands are touching at (0, ±k y ). The Berry curvatures at the touching points are not well defined. Similar phenomena has also been found in Weyl semimetal and such points are called Weyl points [35] . The corresponding Chern number from magnon and ZA phonon coupling is |C Z | = 1 and one for magnon and TA phonon coupling is |C T | = 2, which can be easily understood by the dependence of polar angle φ k in Eq. (20) . Prefactor of d Z x and d T y change sign across θ = π/2, and prefactor of d Z y changes sign across θ = π/4 and 3π/4. Across each of these angles,d changes its winding direction, and therefore there is a topological transition as well. See Fig. 5 for the dependence of Chern number on magnetic filed tilt angle θ from 0 to π. When θ = π/4 or 3π/4, the mangnon and ZA phonon coupling vanishes in the k x direction. When θ = π/2, the mangnon and ZA phonon coupling vanishes in the k y direction and the mangnon and TA phonon coupling vanishes in the direction of φ k = nπ/4 with odd integer n. The Berry curvatures are not well defined at the band touching points at these critical angles. When θ = 0 and π, there is no coupling between mangons and LA, TA phonons at any momentum. Hybridization only occurs between magnons and ZA phonons as previously reported [24] .
The above discussion about band touching and topological transition holds even if a 1 = 2a 2 since the phonon modes are always longitudinal or transverse in the direction of φ k = nπ/4 with integer n. The effect can be shown by replacing φ k inê L/T (φ k ) with function ψ(φ k ), where ψ(φ k ) is a monotonically increasing function of φ k and satisfies ψ(φ k ) = φ k at φ k = nπ/4.
We show the change of the Berry curvatures and the topological properties for magnon and ZA phonon coupling in Fig. 3 and magnon and TA phonon coupling in Fig. 4 . For calculation, we used the parameters of the monolayer ferromagnet CrI 3 in Refs. [21, [36] [37] [38] (J=2.2 meV, S=3/2, M c 2 =5×10 10 eV). The force constant is taken a 1 =2×10 5 meV/nm 2 , a 2 =10 5 meV/nm 2 , a 3 =5×10 4 meV/nm 2 ; the coupling strengths are taken κ 1 =10 meV/nm and κ 2 =5 meV/nm. The external magnetic field is taken B=0.5 meV. We found the dominant contribution of the Berry curvature comes from vicinity of the ring where two bands cross and it changes sign across the critical angles as shown in Fig. 3(b, d) and Fig. 4(b, d) . Note that there is singularity of the Berry curvature near k = 0. This originates from the 1/ √ ω k dependence ofκ in d(k). We verified that its contribution to the Chern number and thermal Hall conductivity is negligible despite the divergence. In Fig. 3(a, c) , we found that the skyrmion number ofd vector at magnon and ZA phonon crossing corresponds to C + = 1 at θ = π/8 and corresponds to C + = −1 at θ = 3π/8. In Fig. 4(a, c) , we found that the skyrmion number ofd vector at magnon and TA phonon crossing corresponds to C + = 2 at θ = π/4 and it corresponds to C + = −2 at θ = 3π/4.
IV. THERMAL HALL CONDUCTIVITY
The finite Berry curvatures of magnon-phonon hybrid excitations give rise to the intrinsic thermal Hall effect as shown below. The semiclassical equations of motion for the wave packet of magnon-polarons are given by [39, 40] 
where U (r) is the potential acting on thewave packet which can be regarded as a confining potential of the bosonic excitation. The Berry-curvature-induced thermal Hall conductivity is given by [12, 13] 
where c 2 (ρ) = (1 + ρ) ln 2 [(1 + ρ)/ρ] − ln 2 ρ − 2Li 2 (−ρ), ρ n,k = [e En(k)/k B T − 1] −1 is Bose-Einstein distribution function with a zero chemical potential, k B is the Boltzmann constant, T is the temperature, and Li 2 (z) is the polylogarithm function. In Fig. 6(a) , we show the dependence of thermal Hall conductivity on the magnetic field tilt angle from contribution of magnon with ZA, LA, TA phonon coupling separately at B = 0.1 meV. At θ = 0, there is no contribution from LA and TA phonon because there is no Berry curvature from them. Across θ = π/4, the contribution of ZA phonon becomes negative because the Berry curvature change sign at this angle. At θ = π/2, when the ground state spin direction is in-plane, all the contributions vanish and the thermal Hall conductivity becomes zero as expected from the general symmetry grounds as follows. The thermal Hall conductivity is odd under time reversal: κ xy (θ) = −κ xy (π + θ). Our system respects the two-fold rotational symmetry: κ xy (θ) = κ xy (2π − θ). Then, it follows κ xy (θ) = −κ xy (π − θ). In particular, we have κ xy (π/2) = 0, implying the absence of the thermal Hall effect for the in-plane magnetic field. In summary, the thermal Hall conductivity starts from a finite positive value at θ = 0. It starts to increase as the angle increases and reaches the maximum, then decreases to the negative minimum by passing zero at θ = π/2. Eventually, it increases to a negative value at θ = π as shown in Fig. 6(b) .
V. DISCUSSION
In this paper, we studied topological properties of magnon-polarons in a square lattice ferromagnet with Kittel's magnetoelastic interaction subjected to a magnetic field in an arbitrary direction. In our model, the magnons couples with longitudinal and transverse inplane phonons as well as out-of-plane phonons. We investigated the topological structure of the magnon-polaron bands by mapping our model to the well-known two-band model of topological insulator near each band crossing point. The Berry curvature and the Chern number corresponding to three hybridizations are found to differ as follows. First, magnons and out-of-plane phonons coupling gives rise to a Chern number |C|=1, which changes sign at θ = π/4, π/2 and 3π/4. Secondly, magnons and transverse in-plane phonons coupling gives rise to a Chern number |C| = 2, which changes sign at θ = π/2. Thirdly, the hybridization of magnons and longitudinal in-plane phonons does not possess the well-defined Chern number since there are two points in the momentum space where the gap is not opened up. We also calculated the dependence of thermal Hall conductivity based on our model as an experimental probe. The unique behavior of thermal Hall conductivity as a function of the field direction reflects the contributions from in-plane and out-of plane phonons and can be used to probe the topological tunability of the magnon-polaron bands.
Kittel's magnetoelastic interaction originates from the magnetic anisotropy, which is ubiquitous in ferromagnetic thin film structure [41] , but the effect of magnetoelastic coupling on magnetic dynamics is still largely unknown. In our model, we used a Hamiltonian that is bilinear in the magnon and phonon operator, which result in the hybridization of magnon and phonon mode, by neglecting higher-order terms. If magnetoelastic interaction is sufficiently strong , the band will be strongly renormalized [42] and may require the inclusion of the higher-order terms. The physics of strong magnetoelastic interaction could be more pronounced in two dimensional magnets with weak mechanical stability [43, 44] , which will be pursued in the future.
